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The issue of how open-hole composite laminates fail in compression is addressed in this 
paper. Finite element analysis, coupled with SIFT and EFM, is used to predict failure of 
open-hole composite laminates, results of which are compared with experiments done by 
other researchers. Two methods of modeling, one based on micro-buckling and another 
based on compressive residual strength, β are used, and the two methods compared with 
experiments done by others to see which one gives better results. At the same time, a 
concern regarding mesh dependency of the finite element method and the effect of the 
stacking sequence is investigated. 
 
The method based on β introduced in this project can be regarded as the compressive 
form of the fiber strain failure criterion, which is used to capture damage that pertains 
particularly to fiber breakage. How this criterion works is this: For a composite laminate 
under tension, when the tensile fiber strain within an element exceeds the nominal fiber 
breaking strain of the fiber used, the element is considered to have failed. In compression, 
an additional factor, β, which is taken as the ratio of the ultimate fiber strain in 
compression to the ultimate fiber strain in tension is proposed to account for the 
observation that crushed material in compression may have residual load bearing 
capability. When an element has a compressive fiber strain that is greater than the product 
of beta and the critical tensile fiber breakage strain (obtained from manufacturers), 
i.e. tensileultifiber
calculated ,
11 βεε >  , the element is said to have failed in compression in the fiber 
direction. 
 iii
From the results, it seems that beta compression is the preferred method to the micro-
buckling model in the prediction of compressive failure in composite laminates with an 
open hole because it compares better with the experiments. 
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CHAPTER 1: INTRODUCTION 
 
Purpose 
The aim of the project is to model open hole compressive failure behavior in carbon 
composite laminates, predicting the onset of failure, failure progression patterns and 
ultimate failure. The project also investigates mesh dependency issues of SIFT – EFM as 
well as the effect of composite laminate lay-up. 
Problem 
This project makes use of finite element (FE) simulations, whereby the Strain Invariant 
Failure Theory (SIFT), the Element Failure Method (EFM), and a fiber strain failure 
criterion are used to predict failure of open hole composite laminates under lateral 
compression. Furthermore, the local compressive failure is modeled through two methods 
for comparisons; the first method incorporates micro-buckling into SIFT, while the other 
relies on a modified version of SIFT that uses a factor to address the compressive strength 
of laminate.  
Scope 
The following section (Chapter 1) on literature survey covers a description and 
background of different approaches to modeling open-hole compression by other 
researchers. It will touch on the two main models used in the study of compressive failure 
in composites, micro-buckling and kinking; the problems faced when using these two 
methods of compressive analysis; issues regarding the reliability of non-standardized 
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compressive tests,  variations in the standard testing methods and accuracy of measuring 
instruments. 
Chapter 2 describes the failure criteria employed in this thesis. The focus is mainly on the 
new criteria introduced for compressive failure, namely the beta fiber strain failure 
criterion, which is a modified version of the fiber strain failure criterion. The other key 
failure criteria, SIFT-EFM is also briefly described. 
In Chapter 3, detailed accounts of how the two special compressive failure modes, micro-
buckling and beta compression are implemented, are presented. The beta compression 
model is discussed first, followed by the micro-buckling model used, which is modified 
from the paper by Steif (1990) [1]. The author then move on to sub-modeling which is 
used to reduce the number of degrees of freedom of the model since it is not necessary to 
model the whole structure with 3-D finite elements. The damage usually occurs at regions 
close to the hole and propagates in a horizontal direction towards the edge of the 
specimen, so regions further away from the damage area can be modeled using 2-D shell 
elements instead, to save computing resources. 
Chapter 4 looks at the comparisons of simulated results with experimental results from 
other papers, namely by Suemasu et al (2006) [2] and Tan and Perez (1993) [3] in order 
to investigate the feasibility of the two failure models used. The results from Suemasu et 
al (2006) [2] are also used to find out how the value of beta affects the failure loads, 
displacement and patterns. A reasonable value of beta is then chosen and used in the 
analysis pertaining to Tan and Perez (1993) [3]. Additional factors to account for residual 
strength after compressive failure are also introduced in this set of analysis, values of 
which are obtained from Tan and Perez (1993) [3]. 
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 The subsequent chapter concerns mesh dependency issues. Mesh dependency studies are 
necessary because it is usually desired to know whether new techniques such as EFM can 
yield converged or acceptable results with meshes that are reasonably fine. Three case 
studies are done, starting with single-ply laminates, followed by double-ply and finally 4-
ply laminates to find out how the number of plies affects the degree of fineness of mesh 
required for convergence. 
In Chapter 6, the effect of stacking sequence on composite strength is examined. The 
paper deals only with compressive strength since tensile strength has already been shown 
by others to be dependent on lay-up (Tay et al (2006) [4]). To verify and support the 
analysis results, experimental results from Iyengar and Gurdal (1997) [5] are taken for 
comparison.  
The last chapter, Chapter 7, rounds up the discussions and findings gathered from the 









CHAPTER 2: LITERATURE SURVEY 
a. Open-hole compression (OHC) of carbon composite laminates 
 
In aerospace, composite laminates are widely in use as a replacement or complement to 
metal alloys. This is because composite laminates commonly have high specific strength 
and stiffness to weight ratio as well as the ability to withstand high temperatures. 
However, while such carbon fiber reinforced composites possess superior tensile 
properties, their compressive strengths are often less satisfactory. The compressive 
strengths of unidirectional carbon fiber-epoxy laminates in many instances are less than 
60% of their tensile strengths. Therefore, it is not surprising that this topic has become 
one of the key concerns of researchers worldwide.  
 
An additional complicating factor when considering compressive behavior of composite 
is the possibility of failure by local micro-buckling of fibers, a mechanism not found in 
tension. While fiber breakage has been recognized by most as the reason for ultimate 
tensile failure, in compression, the mechanisms are more complicated.  
 
Rosen (1965) [6] presents one of the earliest work on compressive response of 
composites, where local micro-buckling is considered as the chief mechanism in 
compressive failure. In micro-buckling, fibers are considered as individual columns 
surrounded by matrix material that act independently. In the earliest model, the failure 
stress, σCR is predicted as, σCR = Gm/(1-Vf), where Gm is the shear modulus of the matrix 
and Vf, the fiber volume fraction. However, this early form of micro-buckling equation is 
found to be inadequate on two counts: (i) the σCR predicted is several times higher than 
that experimentally obtained; (ii) the suggestion that σCR is proportional to 1/(1-Vf) 
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contradicts what is observed experimentally which shows that σCR is actually proportional 
to Vf, at least for values of Vf up to 0.55. In order to correct these two discrepancies, 
several modifications of Rosen’s model are done. Basically, the modifications introduced 
mostly consider non-linear shear response of the matrix and take into account the initial 
waviness of the fiber. Steif (1990) [1] is one of them. 
 
Besides the concept of micro-buckling, another model that researchers have come up with 
is compressive kinking.  Strictly speaking, kinking can be regarded as a form of micro-
buckling. The difference between the two is this: In kinking, the deformation is localized 
in a band in which the fibers are rotated to a large extent; while in micro-buckling, the 
fibers act individually and no bands are formed. In fact, kinking is also regarded by some 
to be the final irreversible stage of micro-buckling.  
 
In the kinking model, the fiber reinforced composites are usually regarded as alternate 
layers of fiber and matrix bound together (See Figures 1 and 2) although some works 
consider the cylindrical geometry of the fibers as well. Regardless of the geometry of the 
fibers, all the studies assume that the fiber and matrix show linear elastic behavior.  
 
 
Figure 1: Fiber composite modeled as a two dimensional lamellar region consisting of 
fiber and matrix plates, from Chung and Weitsman (1994) [7]. 
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Unlike Rosen (1965) [6]’s earliest model of micro-buckling, the equations governing 
kinking are much more complicated as geometry is also involved. Figure 2 shows the 
model that Fleck and Budiansky (1993) [8] have come up with. 
 
Figure 2: Kink band geometry and notation, from Fleck and Budiansky (1993) [8]  
 
As seen in the figure, Fleck and Budiansky (1993) [8] have introduced many new 
parameters associated with geometry, particularly the inclination of the kink band, β that 
was previously missing in the simplified equation by Rosen (1965) [6] where β is taken to 
be zero. In this model, the number of parameters has increased considerably, making the 
model much more complex and the determination of the values of these parameters more 
difficult. 
 
Apart from the debate surrounding the multifaceted character of compressive failure, 
another problem is the shortage of reliable and standardized experimental data. Besides 
the standard testing methods put forward by the American Society for Testing and 
Materials (ASTM); the Suppliers of Advanced Composite Materials Association 
(SACMA); and Great Britain’s Royal Aircraft Establishment (RAE), there still exist 
many nonstandard testing procedures that are favored by researchers either because of 
cost, geometrical considerations or other factors. (Carl and Anothony (1996) [9]) 
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Even for the standard testing methods, there are still variations. In compression testing, it 
is widely accepted that side loaded or shear loaded specimens gives the more accurate 
measure of composite compressive strength, as opposed to the direct end loading of 
specimens. Hence, most compression fixtures are constructed to transmit the compressive 
stress to the test specimen through shear in the grip section. This is often done by using 
adhesively bonded end tabs. Examples of such fixtures are the Celanese and IITRI 
(Illinois Institute of Technology Research Institute) fixtures (Figure 3) used in ASTM D 
3410, which is the standard test method for compressive properties of polymer matrix 
composite materials with unsupported gage section by shear loading. 
 
Figure 3: Schematics of fixtures used in compression testing, from Carl and Anothony 
(1996) [9] 
 
Besides the fixtures, the dimensions of the test sections used also vary. In the SACMA 
method (Carl and Anothony (1996) [9]), a uniformly thick test section of 4.8 mm is used, 
while in the RAE fixture, the test section has varying thickness, tapering from 2 mm at 
the ends to 1.35 mm at the centre (Carl and Anothony (1996) [9]).  Therefore, depending 
on which method is used, the dimensions of the test coupons vary widely. 
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In most cases, the compressive strength is obtained from the maximum load carried by 
the specimen before failure, a value that can be read directly from the loading machine. 
Hence, the accuracy of the testing machine used is also a key consideration in the 
measure of the compressive strength.  
 
As such, measured strengths are dependent on the experimental and structural variables 
that are employed in each case, making it difficult for researchers to make use of the 
experiment data of one another as comparison. Moreover, some researchers also modify 
the standard testing methods for their convenience which give questionable results. 
 
It is not possible for this study to address or answer all the issues concerning the problem 
of compressive failure of composites. However, the author attempts a new theory not 
involving buckling or kinking, but direct fiber crushing to try to model compressive 
failure of open-hole carbon composite laminates and has attained encouraging results. 
This method requires the introduction of a new factor, beta (β). 
 
β is defined as the ratio of the ultimate fiber strain in compression to the ultimate fiber 








εβ =  . It is an empirical value acquired by the testing of 
unidirectional composites. Although it has been documented as well as determined 
experimentally, that the range of β is from 0.5 to 0.75, the study also investigate the  use 




Besides this new method of compressive analysis, the author also tried using a model of 
micro-buckling to address the issue of OHC, with limited success. 
 
The present study also looks into the matter of mesh dependency, which has always been 
a key concern with any method of finite element analysis. In addition, the effect of 





















b. Failure Criteria 
 
In this thesis, we combine the use of SIFT with EFM, (i.e. SIFT-EFM), to model damage 
progression in OHC problems. SIFT is not the only composite failure theory available but 
is chosen in this case because it is still relatively new and not yet thoroughly researched. 
Here, we present a brief description of SIFT. More details of this criterion can be found in 
Gosse (2002) [10] and Tay et al [11]. 
 
SIFT  
SIFT, known as the strain invariant failure theory, is first put forward by Gosse [10] in 
2002. It is a micromechanics-based failure criterion for composites that makes use of the 
effective critical strain invariants of component phases to determine where failure occurs 
in composite materials.  
 
In order for SIFT to be applied to composite materials, these strain invariants are first 
“amplified” through micromechanical analysis. Six mechanical and six thermo-
mechanical amplification factors for linear superposition are necessary to perform this 
“amplification”. The strain invariants are amplified by using representative or idealized 
micro-mechanical blocks whereby individual fiber and matrix are modeled by three-
dimensional finite elements. Three fiber arrangements are considered – square, hexagonal 
and diamond. The diamond arrangement is identical to the square, except that it has gone 
through a 45o rotation (see Figure 4).  
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Figure 4: Fiber arrangements with (a) square (b) hexagonal and (c) diamond packing 
arrays 
 
Unit displacements in three cases of normal and three cases of shear deformations are 
prescribed to the representative blocks to determine the amplification factors in each 
direction.  For instance, to obtain the strain amplification factors in the fiber (or 1- ) 
direction for the displacement given for one of the faces, the other five faces are 
constrained (Figure 5(a)). This procedure is repeated for the other two directions (2- and 
3- ). In shear deformations, the process is similar. Instead of displacement, shear strain is 
applied in all the three directions (Figure 5(b)).  
 
Figure 5: (a) Prescribed normal displacements; (b) prescribed shear deformations. 
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For each of these fiber packing positions, ex action of local micro-mechanical strains is 
only required from twelve positions as shown in Figure 6. After these strains are extracted, 
they are normalized with respect to the strain prescribed. These factors obtained are the 
mechanical amplification factors. 
 
To obtain the six thermo-mechanical amplification factors, all the faces are constrained 
from expansion while a thermo-mechanical analysis is performed. This is done by 
prescribing a unit temperature differential ∆T above the stress-free temperature. Again, 
the same twelve positions in Figure 6 are chosen for the extraction of the local 
amplification factors.  
tr
 
Figure 6: Locations for extraction of amplification factors. 
Once all the amplification factors have been obtained, the respective strain values in the 
material coordinate directions can be suitably modified. SIFT can then be applied.  
 
The first strain invariant, J1 is called the volumetric strain invariant, so-called because J1-
driven failure is dominated by volumetric changes in the matrix material. Thus, J1 is only 
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amplified by factors at positions within the matrix, namely IF1, IF2 and IS (See Figure 6). 
To determine J1, the following formula is used: 
 
  J1 = εx + εy + εz                                                                                                                (1) 
where εx, εy and εz are the normal strain vectors in general Cartesian system.  
 
Since this invariant is where the matrix volume is dominant, it may also be important in 
matrix cracking. 
 
Distortional deformation is reflected in , where '2J
( ) ( ) ( )[ ] ( )222222'2 4161 xzyzxyzxzyyxJ γγγεεεεεε ++−−+−+−=                                              
(2) 
 and γxy, γyz and γxz are the three shear strains in Cartesian coordinates. 
 
In SIFT, the second deviatoric strain invariant,  is represented as the von Mises strain 




23Jvm =ε                                                                                                                        (3) 
 
From the second deviatoric strain invariant, , we thus obtain the other two strain 







vmε 1, these strain invariants have to be amplified by factors in the fiber and 
fiber-matrix interface (F1 through F9) (Figure 6). The difference between and  is fvmε mvmε
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in the amplification factors used. For , the amplification factors are obtained from the 




vmε    
Failure is deemed to have occurred when either one of the calculated strain invariants 
equal or exceed their respective critical values. Whether failure in matrix or fiber has 
arisen is determined as follows. 
Matrix failure: J1  ≥  J1 critical                                                                                              (4) 
   ≥                                                                                             (5)mvmε criticalmvm,ε
Fiber-matrix interface failure:    ≥                                                                  (6) fvmε criticalfvm,ε
 
The critical invariant values used are empirical values and are intrinsic material properties. 
In this project, the critical values are provided by the Boeing Company and are shown in 
Table 1. 
 
Table 1: Critical SIFT values (Courtesy of Boeing) 
 
Critical SIFT values Value 
J1 (J1 critical  ) 0.0274 
Von-Mises Matrix ( ) criticalmvm
,ε 0.103 
Von-Mises Fiber-Matrix ( ) criticalfvm
,ε 0.0182 
 
Fiber Strain Failure Criterion 
The fiber strain failure criterion is a new criterion that is introduced especially to capture 
damage that is due to fiber breakage which is not covered by SIFT. Its implementation is 
simple. The tensile fiber strain within an element when a composite laminate is under 
tension is first calculated and the value compared with the nominal fiber breaking strain 
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of the fiber used. If the figure obtained is greater than the breaking strain, the element is 
considered to have failed. 
A correction factor has to be included, however if the fibers are under compression. This 
factor required is called β. β is defined as the ratio of the ultimate fiber strain in 
compression to the ultimate fiber strain in tension and is attained empirically (courtesy of 
Boeing). It typically ranges from a value of 0.5 to 0.7. This also happens to correspond to 
the ratios of XC/XT for a variety of composites reported in different papers [12-17] (Table 
2). Here, XT is the tensile strength of the unidirectional composite in the fiber direction 
and XC is the compressive strength of same unidirectional composite in the fiber direction.  
 
Table 2: XC/XT values for various composite materials. [12-17]. 
 
Composite Material XT (MPa) XC (MPa) XC/XT
AS4/350212 2343 1723 0.735 
T300/BSL914C13 1500 900 0.600 
E-glass/LY55613 1140 570 0.500 
E-glass/MY75013 1280 800 0.625 
E-glass/Epoxy13 1062 610 0.574 
1003 S-glass/Epoxy14 1043.21 620.53 0.600 
AS4/3501-615 1506.16 1043.21 0.687 
IM6/5245C16 2610 1280 0.490 
IM6/180616 1850 1180 0.638 
IM6/F58416 2550 1340 0.525 
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T800/924C17 2320 1615 0.696 
 
EFM  
In this section, a brief description of the element failure method, EFM, a damage analysis 
method first proposed by Beissel et al [18] in 1998 is given. Unlike the more conventional 
material property degradation (MPD), this method does not change the material stiffness 
of elements failed. The main idea of the method is to replace the damage that is effected 
on elements by equivalent nodal forces of the element. The diagrams in Figure 7 illustrate 
this. 
 
                         (a)                                              (b)                                           (c) 
Figure 7: (a) FE of undamaged material and nodal force components 
               (b) Partially failed FE with damage and modified nodal forces 
               (c) Completely failed FE with extensive damage 
 
Figure 7(a) shows an undamaged finite element which has its internal nodal forces 
resolved in the fiber and matrix directions. When the element is slightly damaged, as 
portrayed in Figure 7(b), its nodal forces in the matrix directions are modified in such a 
way that the load carrying ability of the element is decreased.  A set of external nodal 
forces is applied to the element in question so that the net internal nodal forces of 
adjoining elements are reduced or zeroed. In the situation that all the nodal forces are 
negated, a completely failed element is implied (Figure 7(c)). 
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 The finite element code used in this study employs both SIFT and the fiber strain failure 
criterion to decide which elements are to be failed and only one element is failed a time. 
When SIFT indicates failure, the nodal forces transverse to the fiber direction are 
modified so that the net internal nodal forces for the adjoining elements are almost zero. 
This models the effect of transverse micro-cracking in the composite. Subsequently, if the 
strain in the fiber direction exceeds the fiber failure strain of the element, the nodal forces 
in the fiber direction are also modified and set to zero, indicating that this element no 
longer supports any load in both directions. Such modifications are achieved by 
consecutive iterations from an initial guess value until convergence is reached, which is 
determined by the tolerance given in the code. 
 
The finite element analysis then continues with increased applied load to the structure and 
the code continues to search out elements that indicate where the next failure sites and 
directions may be.  
 
With this method, the stiffness matrix does not have to be rebuilt after each failure of 
element, as in the case of Material Property Degradation (MPD), and the process is hence 







CHAPTER  3: THEORY 
a) Beta (β) Method 
 
In this method, implementation of the program is just slightly varied to include the 
β factor in the determination of fiber breakage strain in compression. 
 
When an element has a compressive fiber strain that is greater than the product of β and 
the critical tensile fiber breakage strain under tension (obtained from manufacturers), 
i.e.                                                                                                      (7), 






According to Tan and Perez (1993) [3], when composite laminates fail in compression, 
there exists residual strength in the fiber and matrix, which may be expressed as a 
percentage of its original strength. The residual strength exists because a material failed in 
compression is crushed but still able to carry load, unlike in tension where separation has 
occurred. 
 
In the paper, the author tested various specimens of composite with different dimensions, 
hole sizes and lay-ups. He then makes use of a damaged lamina formulation to obtain the 
following effective in-plane constitutive equations of a damaged composite lamina with 





11 σσε SSD += −                                                                                                          
(8) 
                                                                                                       (9) 222
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S ==−=−== νν and lamina coordinates are used. 
 
The factors D1, D2 and D6 are stiffness degradation factors used to characterize the 
damaged state of the lamina. D1 is the due to fiber breakage, while D2 and D6 are related 
to matrix cracking, with D2 perpendicular to the fiber direction and D6 perpendicular to 
the shear component. 
 
Using these damage parameters, parametric studies are done using finite element analysis 
to test which values of Ds agree best with experimental results. It is found that by 
assuming the set of values: D1 = 0.14 and D2 = D6 = 0.4, the predicted and experimental 
strengths are in closest agreement, regardless of changes in size of laminate and lay-up. 
 
Two models of analysis are performed, one with residual strength stipulated by Tan and 
Perez (1993) [3]; one without residual strength, meaning that an element is failed 
completely when its compressive fiber strain that is greater than the product of beta and 
the critical tensile fiber breakage strain. 
 
In the model considering residual strength, the assumption is that the residual stiffness in 
the fiber and matrix of an element failed by compression are 14% and 40% of the original 
values of stiffness respectively. These values are suggested by Tan and Perez (1993) [9] 
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as they give the closest results to that obtained experimentally. In EFM, the residual nodal 
forces in the fiber direction are reduced to 14% of the original undamaged forces, while 
the residual nodal forces in the transverse direction are reduced to 40% of the original 
values. 
 
Another assumption that taken in both models is that fiber failure can only occur after the 























In an alternate model, the modeling of micro-buckling in composite laminate is based on 
the work by Steif (1990) [1]. In that paper, the author argued that although it is a near 
impossibility to analyze the simultaneous deformations of many fibers in a composite 
under compression, one can still presume that the deformations of different fibers adhere 
to some form of pattern. Thus, he suggested following the shear micro-buckling mode 
proposed by Rosen (1965) [6], where fibers deformed in-phase with one another. The 
way he proposed to model the shear mode is this: consider a single representative fiber 
under compressive loading which is constrained by the surrounding matrix.  A free body 
diagram of the representative fiber is shown in Figure 8. 
 
                                    
 
Figure 8: Free body diagram of an element of a micro-buckling fiber, from Steif (1990) 
[1] 
 
In the diagram, τ is the average in-plane shear stress caused by the deformation; P is the 
longitudinal compressive force that is applied; M, the bending moment in the fiber; V 
represents the transverse shear force and θ denotes the degree of rotation of the fiber 
segment relative to the compression axis. 
 
Table 3 shows the list of the variables used and what they represent. 
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Table 3: Values of variables and what they represent. 
 
Variable Significance 
e Average degree of fiber misalignment  
a Radius of fiber 
L Half of imperfection wavelength 
GL Longitudinal elastic shear modulus (approximately equals to 
elastic shear modulus of the matrix) 
I 
Polar moment of inertia for circular fiber, 
2
4aπ  
εf Fiber breaking strain 
τc Critical shear stress 
σc Critical normal compressive stress 
Ef Elastic modulus of fiber 
Em Elastic modulus of matrix 
vf Volume fraction of fiber 
εfc Fiber crushing strain 
 
σc is approximated from the material properties using the rule-of-mixtures formula:  
fcmfffc EvEv εσ ])1([ −+=                                                                                            (11) 
 
A value of 0.6 is used for vf while εfc is taken as 0.019, from Koller L.P. (2003) [22], 
which is the same as the fiber breaking strain.  
 
 22
Using equilibrium of forces and moments as well as basic geometry, the problem can be 
reduced to a governing equation which can be solved to find the strain within the fiber 
due to the compressive force, P. 
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Figure 9: Diagram showing initial waviness of the fiber and the relationship between the 
various parameters. 
 
Based on this governing equation, the boundary conditions applied are zero moment at x 
= 0 ( 0)0(' =θ ) and zero slope at 
2
π=x  ( 0)
2
( =πθ ). 
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Considering the fiber bending in a wave-like manner (See Figure 9), the maximum 
bending strain due to buckling occurs at the wave peak at
2
π=x . Thus, maximum 
bending strain, )
2
(' πθε =bend . The maximum tensile strain in the fiber, however, also has 
to take into account the compressive strain caused by the longitudinal compressive load, 
P. Hence, it consists of two components and is the sum of maximum bending strain, bendε  





πε −=                                                                                                               (13) 
 
A fiber is said to have failed if its maximum tensile strain is equal to or greater than the 
fiber breaking strain, i.e. 
 
fcompbend εεε ≥+                                                                                                              (14) 
 
The governing equation is solved using the Stoermer’s Rule, with the condition that the 
rotation of the fiber is zero at the turning point, i.e. 0)
2
( =πθ . The Stoermer’s Rule is 
implemented using a Fortran program which uses iterations to get the value of 0)
2
( =πθ  
within a specified tolerance by changing the value of )0(θ . New values of )0(θ were 
noted as well by the program and used in subsequent calculations. (See Appendix A for 





Each element in the mesh is assumed to contain a certain number of micro-buckled fibers. 
Since it is impossible to model every fiber in the mesh and solve the governing equation 
for each individual fiber, we assumed that the bunch of fibers in the element buckle 
together in a manner identical to that of a single fiber. To determine the number of fibers 
in an element, a new subroutine was introduced which estimated the number of fibers 
based on the size of the element and the lay-up of the laminate. For instance, depending 
on the angle of rotation of the fibers, the resulting element area normal to the length of the 
fibers is calculated. This is then divided by the cross sectional area of each fiber to obtain 
the approximate number of fibers within each element. 
 
The micro-buckling criterion is effective only for elements undergoing compression in 
the fiber direction. Thus, we must first determine the strains of the elements in the fiber 
direction. The compressive load, P can then be obtained from the nodal forces on the 
element that are in the fiber direction, values of which are calculated from the respective 
strains. 
 
To facilitate micro-buckling, the fibers have to be originally misaligned. Thus, in the code, 
all the fibers are assumed to be initially misaligned at some angle, e = )0(θ and to 









Three-dimensional finite element analysis (FEA) has the inherent problem of long 
computation hours, particularly for large 3-D meshes. The precision and correctness of a 
problem solved using FEA is often directly proportional to the degree of refinement of the 
mesh involved until convergence is reached and the number of factors taken into account. 
Hence, in order to achieve good results from FEA, one often has to increase these two 
factors and correspondingly the computation time rises. Thus, there exists a need to cut 
down the computing hours without compromising the results. A way to do this is through 
sub-modeling. 
 
The sub-modeling employed here is to replace solid elements with shell elements in areas 
far from the damage area, taking advantage of the simpler analysis of 2-D shell elements 
to the more complex and time consuming analysis of 3-D solid elements. It is developed 
by research fellow Dr Li Jianzhong and the exact way it is done is illustrated in Figure 10. 
 
Since solid elements are used in the “hot area” or main area of damage only while shell 
elements are used for the surrounding plates, this creates a solid-shell interface which has 
to be addressed in the program code. The way to do this is to apply MPC (Multi-point 
Constraint) on the nodes of interface of solid-shell elements by penalty function method. 
The rest of the process is the same as when all the elements are solid. 
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i zuu θ+= yjijxjxi zuu θ+= jiij zzz −=  
Figure 10: MPC on nodes at interface. 
 




ij is the length from node i to j in the z-direction; is the rotational 




To demonstrate the feasibility of the sub-modeling, an example problem is analyzed by 
both the commercial program Nastran, as well as the program code. The cases considered 
are shown in Table 5. 
 
The problem is as follows: A square plate is simply supported on 4 corners. A 
concentrated out-of-the-plane force is applied at the centre. The plate measures 
56mm*56mm, with a thickness of 3.556mm. It is a 4 ply composite plate with lay-up 
(0/45/45/0), of ply thickness 0.8889mm. The mesh density is 30*30 (*4 if solid elements 
are used). (See Appendix D for picture of mesh). 
 
The material properties are given in Table 4. 
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Table 4: Material properties of plate problem 
 
Material property Value 
Elastic modulus in fiber direction, E11 (GPa) 172.4 
Transverse moduli, E22 = E33 (GPa) 9.31 
Shear moduli, G12 = G31(GPa) 5.17 
Shear modulus, G23 (GPa) 3.45 
Poisson ratio, υ12 = υ13 0.33 
Poisson ratio, υ23 0.4 
 
Results obtained are as follows: 
Table 5: Maximum deflection of plate problem 
 
Method of Analysis Maximum Deflection 
All plate elements 1.50 x 10-3Nastran 
All solid elements 1.32 x 10-3
Sub-modeling 1.55 x 10-3
All plate elements 1.30 x 10-3
Program Code 
All solid elements 1.63 x 10-3
 
Clearly, the results indicate little difference between the solutions from sub-modeling and 
from the cases where all the elements are solid. For simple and small problems like the 
example given, the sub-modeling may require more time than pure solid or pure plate 
elements, because of the extra calculation for the multi-point constraint. However, its 
advantage can be seen for large problem (meaning programs with degrees of freedom 
(DOFs) large than 10K) because it can drastically reduce the number of DOFs and the 
size of the stiffness matrix, thus saving run time.  
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CHAPTER 4: Comparison with experimental results 
a) Beta (β ) Method 
 
Suemasu et al (2006) [2] 
 
Suemasu et al (2006) [2]’s experiment on open-hole compression (OHC) is briefly 
described here before we delve into our proposed model for local compressive crushing, 
called the β method. In the paper, the laminate tested has 8 plies, and measures 118 mm 
by 38.1 mm by 1.1 mm. The lay-up is [45/0/-45/90]s and the material properties are given 
in Table 8. There is a hole at the centre of the laminate, with diameter of 6.35 mm. Only 
one set of data is reported in the paper which is used in the comparison later. 
 
Effect of Beta (β) 
Different values of β are used to change the failure criterion of fibers under compression 
in other to investigate the effect of β on the failure prediction. A total of 6 values of β are 
used: 0.53, 0.55, 0.58, 0.65, 0.75 and 1.0. 
 
In order to study the effect of mesh size, 2 meshes are employed, one coarse and one fine 
(See Figure 11). Both meshes have 8 plies, 24 solid elements in the middle (each ply is 3 
elements thick). There are 168 solid elements in one layer for the coarse mesh, the rest 
being shell elements. In total, there exist 4032 solid elements and 72 shell elements for 
the entire model. The fine mesh, conversely, has 8136 elements (8064 solid and 72 shell 




Table 6: Number of each type of elements for coarse and fine mesh 
 
 Number of solid 
elements 
Number of plate 
elements 
Total number of 
elements 
Coarse Mesh 4032 72 4104 
Fine Mesh 8064 72 8136 
 
The meshes are shown in Figure 11. The solid and shell regions are connected with multi-
point constraints. 
 




























                       (a)                                                                 (b) 
Figure 11: Detail dimensions of mesh, solid elements and shell elements. (a) Coarse 
mesh; (b) Fine mesh. 
 
The critical SIFT values and material properties of the laminates used in the simulation 
are given in Table 7 and 8 respectively.  
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Table 7: Critical SIFT values (Courtesy of Boeing) 
 
Critical SIFT  Value 
J1 0.0274 
Von-Mises Matrix 0.103 
Von-Mises Fiber-Matrix 0.0182 
 
Table 8: Material properties of laminate. Suemasu et al (2006) [2] 
 
Material Property Value 
Modulus in fiber direction, E1 (GPa) 148 
Transverse moduli, E2 = E3 (GPa) 9.56 
Shear moduli, G12 = G13 (GPa) 4.55 
Shear modulus, G23 (GPa) 3.17 
Thermal expansion in fiber direction α1 (/oC) 0.01x10-6
Thermal expansion in transverse direction α2 = α3 (/oC) 32.7x10-6
Poisson Ratio, υ12 = υ13 0.3 
Transverse Poisson Ratio, υ23 0.49 
Fiber breakage strain, εf 0.019 [22] 
 
Results 
The following figures (Figure 12.1-12.6) show the damage contours for the laminates 
obtained from the simulations for the coarse mesh (Figure 11(a)). To investigate the 
difference due to the β values, these results are compared on three aspects: their damage 
patterns, first major load drops and displacements at the first major load drop. In order 
that the influence of β on the damage patterns is seen more clearly, the damage contours 
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are analyzed ply by ply. Instead of all the 8 plies, only 4 plies are shown since the failure 
pattern is roughly symmetric. 
 
                                   
                 (a) 45o ply                                                               (b) 0o ply 
                                   
                 (c)-45o ply                                                              (d) 90o ply 
Figure 12.1: (β = 0.53) Damage contours – left image shows damage just before first 




       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                 (a) 45o ply                                                               (b) 0o ply 
                                   
                 (c)-45o ply                                                              (d) 90o ply 
Figure 12.2: (β = 0.55) Damage contours– left image shows damage just before first 
major load drop; right image shows damage just after first major load drop.  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
 33
                                   
                 (a) 45o ply                                                               (b) 0o ply 
                                   
                 (c)-45o ply                                                              (d) 90o ply 
Figure 12.3: (β = 0.58) Damage contours – left image shows damage just before first 
major load drop; right image shows damage just after first major load drop.  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                 (a) 45o ply                                                               (b) 0o ply 
                                   
                 (c)-45o ply                                                              (d) 90o ply 
Figure 12.4: (β = 0.65) Damage contours – left image shows damage just before first 
major load drop; right image shows damage just after first major load drop.  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                 (a) 45o ply                                                               (b) 0o ply 
                                   
                 (c)-45o ply                                                              (d) 90o ply 
Figure 12.5: (β = 0.75) Damage contours– left image shows damage just before first 
major load drop; right image shows damage just after first major load drop.  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                 (a) 45o ply                                                               (b) 0o ply 
                                   
                 (c)-45o ply                                                              (d) 90o ply 
Figure 12.6: (β = 1.0) Damage contours – left image shows damage just before first major 
load drop; right image shows damage just after first major load drop.  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
 



















β=0.55 β=0.58 β=0.65 β=0.75 β=1.0 Experiment
 
Figure 13: Force vs displacement graphs for different β values and experiment. 
 
Discussion 
There is no strong evidence that the value of β affects the failure loads and patterns to a 
large extent. However, for β = 0.75 and 1.0, the damage pattern for the 90o ply is quite 
different from the rest. This could be because with higher assumed values of β, fiber 
compressive failure is delayed, with resulting greater amount of matrix or transverse 
failure. Although it affects all plies, this is especially prominent for the 90o ply, since 
fiber failure is less in this ply.   
 
It can be observed from the damage contours, that for β of smaller values, the differences 
between the patterns before and after the first major load drops are significantly greater as 
compared to bigger values of β. This phenomenon is again reflected in the force-
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displacement graphs (Figure 13) which shows that for smaller values of β, the decrease in 
force after major load drops is greater. However, there appears to be little influence of β 
on the value of the first major load drop and the displacement. This seems to suggest that 
the value of the major load drop is not very sensitive to the value of β assumed. 
 
 
(a)                                       (b)                                        (c) 
Figure 14: (a) C-scan image of damaged laminate around hole (Suemasu et al (2006) [2]);   
(b) Damage contour for β = 0.58 (surface 45o ply), coarse mesh; (c) Damage contour for 
β = 0.58 (surface 45o ply), fine mesh.  
 
However, as shown in Table 2, β should have a value between 0.5 and 0.7.  Since the 
difference in force-displacement is not significant in this range, the middle value of β = 
0.58 is chosen for the rest of the simulations. 
 
A comparison with Suemasu et al (2006) [2]’s C scan image of damage (Figure 14) 
reveals qualitative resemblance between the C scan and the computed damage contours of 
the ply on the surface, which is encouraging.  
 
In addition, all the simulations have major load drops at the displacement of 1.25 mm 
with a corresponding force of 24.32 kN, which are very close to that obtained 
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experimentally. The experiment load drop occurs at around 1.18 mm with a force of 23.2 
kN, and so the predicted values are within 10% error. 
 
To study the effects of mesh dependency, the simulations for β = 0.58 and β = 1.0 are 
rerun with the finer mesh of Figure 11(b).  The value of β = 0.58 is chosen because is the 
mid-range value of experimental beta and β = 1.0 is chosen because it is theoretically the 
maximum value of β. 
 
The simulated results for the fine mesh are more conservative than for the coarse mesh 
(Figure 15). In this case, the first major load drop occurs at an earlier displacement of 1.0 

















β = 0.58 β = 1.0 Experiment
 
Figure 15: Force vs displacement graphs comparing beta values with experiment for fine 
mesh. 
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The 2 sets of results, taken together actually mark out an upper and lower boundary with 
the experimental results falling in between. This can serve a useful indicator of the failure 
properties of composite laminate of the same attributes. 
 
Tan and Perez (1993) [3] 
 
When material fails in compression, the debris formed may be able to transmit or carry 
some load, unlike material failure in tension. Tan and Perez (1993) [3] provides some 
indications of these residual strengths by using knockdown factors to the original material 
properties. Thus, to simulate the concept of residual strength, this time round, instead of 
totally failing elements when they fail according to the β fiber strain failure criterion, 
nodal forces of elements are reduced to a certain percentage of the original. While it is 
best that the simulations adhered totally to the experimental set-up, Tan and Perez (1993) 
[3] did not provide all the material properties of the specimens, and so exact finite 
element models of his specimens could not be made. As such, only the trends of 
compressive strengths of the laminate to hole sizes, and not the actual values of the 
compressive strengths can be evaluated. 
 
Since only the trends are in question, the material properties employed in this instance are 
the same as those in the previous case (Table 8). Dimensions of the laminate and the hole 
sizes used in Tan and Perez (1993) [3]’s experiment are detailed in Table 9. All the 











Width of Laminate 
(inch) 
Length of Laminate 
(inch) 
1 0.0 1.5 4.5 
2 0.4 1.5 4.5 
3 0.6 1.5 4.5 
4 0.0 1.0 3.0 
5 0.1 1.0 3.0 
6 0.2 1.0 3.0 
 
Figure 16 shows the finite element meshes used. 
 
Table 10: Number of each type of elements for coarse and fine mesh 
 
 Number of solid 
elements 
Number of plate 
elements 
Total number of 
elements 
Mesh with hole 8064 72 8136 
Mesh without hole 1728 72 1800 
 
0.58 is the value of β that is stipulated in all the cases (the reason why it is chosen is 
given previously) and to account for residual strengths after compressive failure, the load 
carry capacity of the compressively failed elements, i.e. the nodal forces, are reduced to 
40% and 14% in the matrix direction and fiber direction respectively. The details of Tan 
and Perez (1993) [3]’s findings and how he arrived at these figures are covered in Chapter 
3: (a) Beta (β ) Method. 
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(a)                                                  (b)                                               (c) 
                                                                           
(d)                                                  (e)                                                (f) 
 
Figure 16: Meshes used (to relative scale) – (a) Case 1, No hole/W1.5; (b) Case 2, 
D0.4/W1.5; (c) Case 3, D0.6/W1.5; (d) Case 4, No hole/W1.0; (e) Case 5, D0.1/W1.0; (f) 
Case 6, D0.2/W1.0 (All measurements are in inches) 
 
Here, number after ‘D’ gives the value of the hole diameter and the figure after ‘W’ is the 
width of the specimen. For example, D0.4/W1.5 means that the specimen has a width of 






In the paper, there are only charts providing the magnitudes of the compressive failure 
strengths of the tested specimens and no photos of the damaged specimens are given. 
Therefore, the author will merely compare the compressive strength of the experimental 
specimens with the predicted compressive stress at the first drastic load drops. (See 
Appendix B for damage contours of cases with holes) 
 
Since the material properties used in this thesis is different from those used in Tan and 
Perez (1993) [3], we cannot directly compare the values of the compressive strengths. 
Thus, to compare just the trends, each of the compressive strengths is divided by the 




Looking at Figures 17 and 18, it is clear that the trends predicted are quite close to the 
experimental ones, a result that reflects the repeatability and dependability of the 
simulations.  
 
Moreover, the good results also show that Tan and Perez (1993) [3]’s consideration of 
residual strength in laminates failed by compression is a reasonable assumption. 
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Figure 17: Trend comparison for laminate of width 1.5 inches. 
 































Figure 18: Trend comparison for laminate of width 1.0 inches. 
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Given the encouraging results of simulations with residual strength, the author decided to 
rerun the simulations for Suemasu et al (2006) [2] with this concept.  Thus, with 
everything else the same, the refined mesh in Figure 11(b) is used again in simulations, 
this time introducing residual strength in the laminate when compressive failure occurs.  
 
Looking at the results (Figure 19), we can see that by introducing residual strength, the 
first major load drops for both β = 0.58 and β = 1.0 occur later at 1.1 mm and at a higher 
load of 20.62 kN. These values are within the 12% range of the experimental ones, an 
improvement from the previous 20% for simulations without residual strength. Thus, 


















β = 0.58 β = 1.0 Experiment
 
Figure 19: Force vs displacement graphs comparing β values with experiment for fine 
mesh with residual strength introduced. 
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Next, we also look at the damage contours, qualitatively comparing them to the C-scan 
image of Suemasu et al (2006) [2]. This is shown in Figure 20. Looking at the damage 
contours, we can see that the damage contours predicted looks reasonable as well. 
 
     
(a)                                                  (b) 
Figure 20: (a) C-scan image of damaged laminate around hole (Suemasu et al (2006) [2]);      















 b) Micro-buckling 
 
In this section, the micro-buckling model described previously in pages 21-25 is used. 
The mesh is shown in Figure 21. The solid and shell regions are connected with multi-
point constraints. 
 
In the 3-D region, the mesh is 24 solid elements thick, consisting of 8 plies (each ply is 3 
elements thick). There are 168 solid elements in one layer and 72 shell elements. In total, 
the mesh consists of 4032 solid elements and 72 shell elements for the whole model. The 


















Figure 21. Detail dimensions of mesh, solid elements and shell elements. 
 
In modeling compressive failure with SIFT, we wish to find out which combination of 
SIFT-micro-buckling scheme will work best or produce the most accurate predictions. 
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We attempted three schemes for implementing SIFT-micro-buckling which are shown 
below: 
 
1. Micro-buckling is allowed to occur before SIFT predicts failure. Once an element fails 
by micro-buckling, it is deemed to have completely failed, and nodal forces 
modification is done in both the fiber and transverse directions. 
2. Micro-buckling is allowed to occur only after SIFT predicts failure. Once an element 
fails using micro-buckling, it is deemed to have completely failed. 
3. Micro-buckling is allowed to occur both before and after SIFT predicts failure, in 
which case, only modification of the forces in the fiber direction is done. An element is 
said to have totally failed only if both SIFT and micro-buckling have occurred. 
 
Under each scheme, the values for the wavelength of curvature of fiber and the initial 
misalignment angle are varied to test the dependency of the results on these variables as 
well. Table 11 shows the different values. L is the wavelength of the curvature of the fiber, 
a is the radius of the fiber and e is the average degree of fiber misalignment. The radius of 
the fiber is 0.0035mm. 
 
Table 11: Values of wavelength of curvature of fiber and the initial misalignment angle 
for different schemes. 
 
Case Scheme 1 Scheme 2 Scheme 3 
1 
L = 20 a 
e = a/L 
L = 20 a 
e = a/L 
L = 20 a 
e = a/L 
2 
L = 20 a 
e = 2 a/L 
L = 20 a 
e = 2 a/L 
L = 20 a 
e = 2 a/L 
 
 49
In order to compare with the experimental results of Suemasu et al (2006) [2], finite 
element models of experimental specimens were created. The material properties used are 
shown in Table 8.  
 
Results 
Below are the damage contours for the laminates obtained from the simulations for the 
mesh in Figure 21. Only 4 plies are shown since the failure pattern is approximately 
identical in the other 4 plies. 
 
                                    
(a)                                                                          (b) 
 
Legend: 
       J1             Von-Mises Fiber-Matrix           Von-Mises Matrix         Local Compressive   
        Local tensile fiber failure                                                                micro-buckling 
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(c)                                                                         (d) 
                                                    
(e)                                                                         (f)                         
Figure 22.1: Damage contours for 45o ply– left image shows damage just before first load 
drop; right image shows damage just after first load drop.  (a) Scheme 1, Case 1; (b) 
Scheme 1, Case 2; (c) Scheme 2, Case 1; (d) Scheme 2, Case 2; (e) Scheme 3, Case 1; (f) 
Scheme 3, Case 2 
 
Legend: 
       J1             Von-Mises Fiber-Matrix           Von-Mises Matrix         Local Compressive   




                                   
(a)                                                                         (b) 
                                   
(c)                                                                          (d) 
 
Legend: 
       J1             Von-Mises Fiber-Matrix           Von-Mises Matrix         Local Compressive   
        Local tensile fiber failure                                                                micro-buckling 
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(e)                                                                          (f) 
Figure 22.2: Damage contours for 0o ply– left image shows damage just before first load 
drop; right image shows damage just after first load drop.  (a) Scheme 1, Case 1; (b) 
Scheme 1, Case 2; (c) Scheme 2, Case 1; (d) Scheme 2, Case 2; (e) Scheme 3, Case 1; (f) 
Scheme 3, Case 2 
 
                                   
(a)                                                                         (b) 
 
Legend: 
       J1             Von-Mises Fiber-Matrix           Von-Mises Matrix         Local Compressive   
        Local tensile fiber failure                                                                micro-buckling 
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(c)                                                                         (d) 
                                   
(e)                                                                          (f) 
Figure 22.3: Damage contours for -45o ply– left image shows damage just before first 
load drop; right image shows damage just after first load drop.  (a) Scheme 1, Case 1; (b) 
Scheme 1, Case 2; (c) Scheme 2, Case 1; (d) Scheme 2, Case 2; (e) Scheme 3, Case 1; (f) 
Scheme 3, Case 2 
 
Legend: 
       J1             Von-Mises Fiber-Matrix           Von-Mises Matrix         Local Compressive   




                                   
(a)                                                                         (b) 
 
                                   
(c)                                                                         (d) 
 
Legend: 
       J1             Von-Mises Fiber-Matrix           Von-Mises Matrix         Local Compressive   
        Local tensile fiber failure                                                                micro-buckling 
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(e)                                                                         (f) 
Figure 22.4: Damage contours for 90o ply– left image shows damage just before first load 
drop; right image shows damage just after first load drop.  (a) Scheme 1, Case 1; (b) 
Scheme 1, Case 2; (c) Scheme 2, Case 1; (d) Scheme 2, Case 2; (e) Scheme 3, Case 1; (f) 
Scheme 3, Case 2 
 
Legend: 
       J1             Von-Mises Fiber-Matrix           Von-Mises Matrix         Local Compressive   
        Local tensile fiber failure                                                                micro-buckling 
 
 
In Figure 23, the force-displacement graphs of the schemes and cases were plotted with 
the experimental results in the same graph for comparison. Table 12 gives the predicted 






















Scheme 1, Case 1 Scheme 1, Case 2 Scheme 2, Case 1
Scheme 2, Case 2 Scheme 3, Case 1 Scheme 3, Case 2
Experiment
 
Figure 23. Force-displacement graphs of the schemes and cases 
 
Table 12: Predicted values of forces and displacement at first load drop for various 
schemes and cases and experiment 
 
 Force at First Load Drop 
(kN) 
Displacement at First 
Load Drop (mm) 
Scheme 1, Case 1 36 2.05 
Scheme 1, Case 2 36 2.05 
Scheme 2, Case 1 36.8 2.1 
Scheme 2, Case 2 36 2.05 
Scheme 3, Case 1 36.8 2.1 
Scheme 3, Case 2 36.8 2.05 





It is found that for scheme 1, the force-displacement is independent of the cases 
considered. For both cases, there is only a very small load drop (36 kN to 35 kN), at a 
displacement of 2.05 mm.  
 
For scheme 2, the force-displacement for case 2 is identical to the cases in scheme 1, 
while for case 1, the load drop is slightly later at the 2.1 mm mark.  
 
Scheme 3, case 1 and 2 both have their first load drop at 2.1 mm but the load drop for 
scheme 3, case 1 is very small (36.8 kN to 36.3 kN) while for scheme 3, case 2, the load 
drop is bigger (36.8 kN to 35.6 kN). However, for all the cases, the results are not highly 
probable in real life since the laminate is shown in actual experiments to fail way before 
the 1.5 mm mark. 
 
Apart from the failure displacement, the failure load is also too large, averaging around 
36 – 37 kN when the experimental failure load is only 23.2 kN. Moreover, for the 90o ply 
in all the schemes and cases, the damage can be seen to reach the boundary between the 
plate and solid elements, an indication that the results are probably not reliable. 
 
Besides the 90o ply, the failure patterns are reasonable in most cases compared to the C-
scan of the experimental specimen and in addition, did not show large discrepancies 
between the cases and schemes compared.  
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 (a)                                                  (b) 
Figure 24: (a) C-scan image of damaged laminate around hole (Suemasu et al (2006) [2]); 
(b) Damage contour for Scheme 1, Case 1 (surface 45o ply) 
 
Looking at all the cases under the different schemes, it seems that the parameters and 
conditions considered did not affect the damage results significantly. Thus, the results are 
probably not strongly dependent on the variables used. However, the simulations 














CHAPTER 5: Mesh Dependency 
 
Background 
Mesh dependency studies are necessary in most finite element analysis. This is because 
the size of the mesh can influence the solution to a problem to some extent, especially 
when convergence is not yet reached. Here, the author seeks to address the issue of mesh 
dependency in the particular problem of open-hole compression of composite laminates 
using sub-modeling. 
 
Case Study 1: Single Ply Laminate 
To start off matters, single ply meshes of varying degree of fineness were constructed, as 
shown in Figure 25. The meshes have 1008, 1224, 1368, 2376, 2664 and 3774 elements 
respectively, including both shell and solid elements. Each ply has a thickness of 3 
elements and is a 45o ply. The mesh measures 118mm by 38.1mm by 0.1375mm, with the 
solid element region of dimensions 38mm by 38.1mm by 0.1375mm, the rest being shell 
elements. 
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(a)                                            (b)                                           (c) 
     
(d)                                            (e)                                           (f) 
Figure 25: Picture of meshes used – (a) 1008 elements; (b) 1224 elements; (c) 1368 




Figure 26: Detail dimensions of mesh, solid elements and shell elements. 
 
Results  
Damage contours of each mesh are compared to see the effect of the mesh size on the 
damage pattern (Figure 27). Both the damage contours before and after the major load 














                    
(a)                                                                   (b) 
                    
(c)                                                                  (d) 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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(e)                                                                   (f) 
Figure 27: Damage contours of single ply meshes – left image shows damage just before 
first major load drop; right image shows damage just after first major load drop. (a) 1008 
elements; (b) 1224 elements; (c) 1368 elements; (d) 2376 elements; (e) 2664 elements;  
(f) 3774 elements 
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
 
Next, we look at the positions and values of the first major load drop for each mesh. This 
is shown by the force-displacement graph in Figure 28. A table detailing the predicted 
values of force and displacement can be seen in Table 13. In each case, the increment of 



















1080 elm 1224 elm 1368 elm 2376 elm 2664 elm 3744 elm
 
Figure 28: Force-displacement graph comparison of different meshes. 
 
 values of forces and displacement at major load drop for various Predicted: 13Table 
meshes 
 
Mesh Force at Major Load Drop (kN) 
Displacement at Major 
Load Drop (mm) 
1008 elements 0.539 1.0 
1224 elements 0.485 0.9 
1368 elements 0.485 0.9 
2376 elements 0.485 0.9 
2664 elements 0.485 0.9 






From the results, the author observes little difference between the damage patterns of the 
different meshes. When taken into account the force-displacement graph, the solution 
seems to converge upon hitting the mesh with 1224 elements as negligible difference can 
be seen between the mesh with 1224 elements and the one with three times more 
elements at 3774 elements. Hence, the author draws the conclusion that for open-hole 
compression of a single ply laminate, convergence can be met at a mesh of around 1224 
elements. 
 
Case Study 2: Double Plies Laminate 
In this case, the meshes are of same dimensions as detailed in Figure 26, with the only 
change being the thickness which is doubled to 6 elements thick, measuring 0.275mm. 
The lay-up of the laminates is [45/-45]. 
 
           
(a)                                             (b)                                             (c) 
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(d)                          (e)                          (f)                         (g) 
 
Figure 29: Picture of meshes used – (a) 2376 elements; (b) 2664 elements; (c) 3816 
elements; (d) 4536 elements; (e) 4680 elements; (f) 5256 elements; (g) 7416 elements 
 
Results  
As in the previous section, damage contours of each mesh before and after the major load 
drops are compared for each ply to see the effect of the mesh size on the damage pattern 
(Figure 30.1 and 30.2).  
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 (a)                                                                                 (b) 
                                
(c)                                                                               (d) 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                            (e)                                                                                 (f) 
   
 
                                  
Figure 30.1: Damage contours of 45o ply 
meshes – left image shows damage just 
before first major load drop; right image 
shows damage just after first major load 
drop. (a) 2376 elements; (b) 2664 
elements; (c) 3816 elements; (d) 4536 
elements; (e) 4680 elements; (f) 5256 
elements; (g) 7416 elements 
 
 
                          (g) 
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                            (a)                                                                                (b) 
                                  
                            (c)                                                                                 (d) 
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                            (e)                                                                                 (f) 
   
 
 
Figure 30.2: Damage contours of -45o ply 
meshes – left image shows damage just 
before first major load drop; right image 
shows damage just after first major load 
drop. (a) 2376 elements; (b) 2664 
elements;(c) 3816 elements; (d) 4536 
elements; (e) 4680 elements; (f) 5256 
elements; (g) 7416 elements 
 
                           (g) 
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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 The positions and values of the first major load drop for each mesh is illustrated by the 
force-displacement graph in Figure 31. The predicted values of force and displacement 
are given in Table 14; the bracketed values are the number of elements in the mesh if the 
laminate is a single ply (This is given so that readers can compare the degree of fineness 
of the meshes in the double ply case with the single ply case). In each case, the 

















2376 elm 2664 elm 3816 elm 4536 elm
4680 elm 5256 elm 7416 elm
 







  values of forces and displacement at major load drop for various Predicted: 41Table 
meshes 
 
Mesh Force at Major Load Drop (kN) 
Displacement at Major 
Load Drop (mm) 
2376 (1224) elements  2.011 0.9 
2664 (1368) elements 2.000 0.9 
3816 (1844) elements 1.896 0.85 
4536 (2304) elements 1.899 0.85 
4680 (2376) elements 1.889 0.85 
 5256 (2664) elements 1.879 0.85 
7416 (3774) elements 1.870 0.85 
 
Discussions 
Compared to single ply laminates, it seems that double plies does make a difference when 
it comes to damage patterns. Finer meshes show considerably more damage at the first 
load drop even though the force and displacement at the first load drop are around the 
same. Looking at the force-displacement graphs of the meshes, the solution seems to 
converge at a mesh of about 3816 (1844) elements. Therefore, it can be said that for 
double plies laminate, a finer mesh of 3816 (1844) elements, rather than 2376 (1224) 
elements for single ply laminates is needed for convergence. 
 
Case Study 3: 4 Ply Laminate 
Following the trend of the previous 2 studies, one would expect that the solution gets 
progressively more sensitive to mesh size as the number of plies increases. Hence, the 




 As a result of the much greater computation hours required for a 4 ply laminate, the 
author decided to just pick 3 meshes for comparison, one coarse, one medium and one 
fine. The respective numbers of elements for the 3 meshes are: 4104 (1008) elements, 
7560 (1844) elements and 14760 (3744) elements.  
 
Again, the meshes are of the same dimensions as that shown in Figure 26 with the only 
difference being the thickness, which has risen to 0.55mm, 12 elements thick. The lay-up 
in each case is [0/45/-45/90].  
 
The 3 meshes are shown in Figure 32, with (a) 4104 (1008) elements; (b) 7560 (1844) 
elements; (c) 14760 (3744) elements. 
 
                                            
(a)                                              (b)                                             (c) 
Figure 32: Picture of meshes used – (a) 4104 (1008) elements; (b) 7560 (1844) elements; 




The following damage contours (Figures 33.1 – 33.4) shows each ply of different 
orientation from different meshes side by side so that any difference can be easily noted.  
 
                                            
                        (a)                                                                                       (b) 
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Legend: 
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Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises
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                           (a)                                                                                 (b) 
   
                           (c) 
 
 
Figure 33.4: Damage contours of 90o ply 
– left image shows damage just before 
first major load drop; right image shows 
damage just after first major load drop. 












       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   




















4104 elm 7560 elm 14760 elm
 
Figure 34: Force-displacement graph comparison of different meshes. 
 
 




Force at Major Load 
Drop (kN) 
Displacement at Major 
Load Drop (mm) 
4104 (1008) elements  8.547 0.55 
7560 (1844) elements 6.982 0.45 






The damage contours do not exhibit large qualitative differences but it can be inferred 
from the force-displacement graphs and Table 15 that 1844 elements per ply mesh is 
necessary for convergence. However, even for the coarse mesh of 1008 elements per ply, 
the difference in force and displacement is within 23%. For laminate with large number 
of piles, a coarser mesh may save considerable time and resources without over 




















CHAPTER 6: Effect of Lay-up 
 
The compressive strength of a composite is attributed to a great many factors. Apart from 
the obvious mechanical properties of both the fiber and the matrix, the stacking sequence 
also has an important part to play. 
 
In order that any difference in compressive properties is due solely to the sequence of the 
lay-up and independent of the orientation of the plies concerned, all the cases in the study 
have the same number and type of plies. To avoid issues of large distortion or warping, 
the lay-ups are all made to be symmetric. 
 
Case Study 1 
A total of 4 lay-ups are used. The same mesh of dimensions 118 mm (4.65 inches) by 
38.1 mm (1.5 inches) by 1.1 mm (0.204 inches) with a 10.16 mm (0.4 inches) hole at the 
centre is used for all lay-ups. Each mesh has 8 plies, 24 layers of elements in the 
thickness direction, and a total of 8136 elements, solid and shell elements included. The 




Figure 35: Mesh used for comparison of effect of lay-up. 
 
Results  
To investigate how the lay-up affects the damage pattern, the damage contour of the plies 
in each direction are compared (Figures 36.1 to 36.4). 
 
                                                        
(a) (b) 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 









                                                        
                       (c)                                                                                           (d) 
Figure 36.1: Damage contours of 0o ply – left image shows damage just before first major 
load drop; right image shows damage just after first major load drop.  
(a) [0/45/-45/90]s; (b) [0/-45/45/90]s; (c) [45/-45/0/90]s; (d) [-45/45/0/90]s. 
 
                                                        
                       (a)                                                                                          (b)  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                       (c)                                                                                          (d)  
Figure 36.2: Damage contours of 45o ply – left image shows damage just before first 
major load drop; right image shows damage just after first major load drop.  
(a) [0/45/-45/90]s; (b) [0/-45/45/90]s; (c) [45/-45/0/90]s; (d) [-45/45/0/90]s. 
 
 
                                                        
                       (a)                                                                                          (b)  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                       (c)                                                                                           (d)  
Figure 36.3: Damage contours of -45o ply – left image shows damage just before first 
major load drop; right image shows damage just after first major load drop. (a) [0/45/-
45/90]s; (b) [0/-45/45/90]s; (c) [45/-45/0/90]s; (d) [-45/45/0/90]s. 
 
 
                                                        
                       (a)                                                                                            (b)  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                       (c)                                                                                           (d)  
Figure 36.4: Damage contours of 90o ply – left image shows damage just before first 
major load drop; right image shows damage just after first major load drop. (a) [0/45/-
45/90]s; (b) [0/-45/45/90]s; (c) [45/-45/0/90]s; (d) [-45/45/0/90]s. 
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
 
Discussions 
The damage contours do not vary much from each other in terms of extent of damage, 
although it seems that the direction of damage progression depends on the orientation of 
the ply next to the 90o ply. Therefore, the damage pattern slants in the 45o direction in the 
[0/-45/45/90]s laminate and -45o direction in the [0/45/-45/90]s laminate. In the other 2 
laminates, with the 0o ply adjacent to the 90o ply, the damage becomes more symmetric, 


























Figure 37: Force-displacement graph comparison of different lay-ups. 
There appears to be little disparity between the lay-ups when it comes to position of the 
first major load drop. Hence, to find out which laminate is stronger, the compressive 
strengths at the first major load drops are compared.  
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[0/45/-45/90]s [0/-45/45/90]s [45/-45/0/90]s [-45/45/0/90]
 
Figure 38: Comparison of compressive strengths between different lay-ups. 
 
Comparing the compressive strengths, there is no strong evidence that one particular lay-
up is significantly better than the other one, with the variation in compressive strength 
within 2%. 
 
Case Study 2 
In order to gauge whether the predicted results are correct, there needs to be experimental 
evidence to support the results. Therefore, the experimental data from Iyengar and Gurdal 
(1997) [5] is sought. As before, to concentrate on only the sequence of the lay-up and not 
the direction of the plies involved, cases considered are of the same type and possess 





Iyengar and Gurdal (1997) [5]  
In the paper, experimental specimens are obtained by cutting coupons from a quasi-
isotropic panel which are then stacked at different angles. However, in this case study, not 
all the angles given in the paper are tested. We only focus on 3 of the lay-ups which have 
equal number of 0o, -45 o, 45 o and 90 o plies.  
 
Each laminate measures 38.1 mm by 25.4 mm by 2.438, and has a 5.08 mm hole at the 
centre (Figure 39). All the meshes are 16 plies, 16 elements thick, with a sum of 5400 
elements in full - 5376 solid and 24 shell elements. The experimental lay-ups provided 
are: [45/-45/90/0] S2, [0/90/45/-45]S2, [90/0/-45/45] S2. Another 3 slight variations of these 
lay-ups are included as well. They are: [45/-45/90/0] 2S, [0/90/45/-45]2S, [90/0/-45/45] 2S.  
The 6 lay-ups are divided into 2 groups A and B. Group A consists of [45/-45/90/0] S2, 
[0/90/45/-45]S2, [90/0/-45/45] S2  ; and group B comprises of  [45/-45/90/0] 2S, [0/90/45/-
45]2S, [90/0/-45/45] 2S. (See Table 16). Table 17 gives the material properties used in the 
program code which is identical to that of the experimental specimens. 
25.4 mm  
Shell 
elements 







Figure 39: Picture of mesh used in determining effect of stacking sequence. 
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Table 16: Groups and lay-ups considered 
 
Lay-up Experiment Group A Group B 
1 [45/-45/90/0]S2 [45/-45/90/0]S2 [45/-45/90/0]2S
2 [0/90/45/-45]S2 [0/90/45/-45]S2 [0/90/45/-45]2S
3 [90/0/-45/45]S2 [90/0/-45/45]S2 [90/0/-45/45]2S
 
Table 17: Material properties used. (Iyengar and Gurdal (1997) [5]) 
 
Material Property Value 
Modulus in fiber direction, E1 (GPa) 138 
Transverse moduli, E2 (GPa) 8.96 
Transverse moduli, E3 (GPa) 8.62 
Shear moduli, G23 = G13 (GPa) 6.2 
Shear modulus, G12 (GPa) 7.1 
Thermal expansion in fiber direction α1 (/oC) 0.01x10-6
Thermal expansion in transverse direction α2 = α3 (/oC) 32.7x10-6
Poisson Ratio, υ12 = υ13 0.3 
Transverse Poisson Ratio, υ23 0.49 
Fiber breakage strain, εf 0.019 [22] 
 
Results 
For easy comparison, the experimental failure loads, predicted failure loads from the 2 
sets, A and B are all plotted together (Figure 40).  
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Figure 40: Comparison of failure loads between different lay-ups. 
 
s 
ted trends seem to deviate from the experimental trend. Nevertheless, in the 
the percentage disparity in compressive failure loads across the different lay-
y very slight, around 7% for the experimental average. The simulated results 
 show the same range of difference as well (Table 18). 
up B, the percentage variations across the 3 cases are even lower, well within 
ge, suggesting too that there is little correlation between the failure loads and 
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Hence, it can be concluded in this case, based on experimental observations and 
simulations, the stacking sequence has an insignificant role in the determination of the 
strength of laminates with an open hole in compression. 
 
Table 18: Percentage difference in failure loads. All the percentages are taken with 
respect to the smallest value in each group. 
 
Lay-up Experimental Average (%) Group A (%) Group B (%) 
1 7.4 2.7 0.5 
2 0 6.8 0 

















CHAPTER 7: Conclusions and Recommendations 
 
In this paper, the progressive failure of open-hole compression of carbon fiber reinforced 
composite laminates is modeled. Two approaches are employed, micro-buckling and a 
novel method involving a new parameter, β, to account for difference in strength of fiber 
under compression as compared to tension is utilized to predict failure patterns, loads and 
displacement.  
 
The method of micro-buckling does not seem to produce satisfactory results when 
compared to experimental data. The β method appears to be a more accurate model. A 
parametric study on β shows that the results are relatively insensitive to the values of β 
chosen. For convenience, a mid-range figure of 0.58 is chosen for β in the studies that 
follow since the XT/XC ratio for carbon composites lies between 0.5 and 0.7. 
 
When we compare the results with and without accounting for residual strength, it seems 
that introducing the concept of residual strength in laminates after compressive failure 
improves the simulation results. Hence, this concept can be used in future simulations. 
 
In addition, this thesis also looks at mesh dependency issues in greater detail. The results 
from the simulations show that as long as a reasonably fine mesh is used, the size of the 
mesh does not greatly affect the solution. This conclusion can be drawn from the results 
for the 4 ply laminate where the mesh of 7560 elements converges to the same solution as 
the fine 14760-elements mesh, even though it possess only about half the number of 
elements of the latter. However, the difference in results for the coarsest mesh still falls 
within the 25% range of the finer ones. 
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On the subject of effect of stacking sequence, both experimental results from literature 
and our analysis indicate that the strength of the laminate does not depend on the lay-up. 
This is a stark difference from open-hole tension where the lay-up affects the tensile 
strength to a quite a great extent (Tay et al (2006) [4]). 
 
The dissimilarity between tensile and compressive failure may be due to disparity in their 
failure mechanisms: In the case of tension, because of the weaker strength of the matrix 
as compared to the fibers, damage will usually initiate in the matrix. When the matrix 
breaks, it can no longer hold on to the fibers which are then progressively pulled out from 
the matrix. During this process, the fibers in different plies slide against each other. But 
because it is tension, the sliding fibers still remain more or less in their original direction. 
When these fibers eventually break, the disjointed fibers can still form the initial network 
of fibers present before damage, providing support for one another to prevent further 
sliding.  
 
On the other hand, in compression, fibers are crushed after damage. The orientation of the 
fibers when crushed or broken is not aligned to their initial direction. Consequently, the 
damaged laminate comprises only of a random array of fibers and matrix.  
 
Despite all the encouraging results from this study, there is still room for improvement for 
the code. One key failure mechanism missing that can be important in determining failure 
is delamination. It is therefore recommended that delamination be written into the code 
for future studies. 
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To sum it up, in this thesis, the author has rather successfully predicted compressive 
failure of carbon composite laminates using the β method which is a novel way of 
implementing compressive failure. In addition, two important problems, one regarding 
the effect of lay-up and the other, concerning mesh dependency are also suitably 
addressed, with respect to the compressive problem. The author has found through 
investigations that the stacking sequence is not a deciding factor in compressive failure 
and that the size of mesh does not greatly affect the results obtained. However, even 
though the author has achieved encouraging results in her work, more has to be 
researched on the topic of compressive failure of carbon composite laminates, especially 
in the actual mechanism of compressive failure and whether delamination plays as 
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Appendix A – Damage Contours 
Author’s simulations of Suemasu et al (2006) [2]’s specimens: Refined mesh, modeled 
without residual strength 
 
                                           
                      (a) 45o ply                                                                        (b) 0o ply 
                                           
                      (c)-45o ply                                                              (d) 90o ply 
Figure 41.1: (β = 0.58) Damage contours – left image shows damage just before first 
major load drop; right image shows damage just after first major load drop.  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                     (a) 45o ply                                                                        (b) 0o ply 
                                           
                    (c)-45o ply                                                                    (d) 90o ply 
 
Figure 41.2: (β = 1.0) Damage contours – left image shows damage just before first major 
load drop; right image shows damage just after first major load drop.  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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Author’s simulations of Suemasu et al (2006) [2]’s specimens: Refined mesh, modeled 
with residual strength 
                                           
                     (a) 45o ply                                                                        (b) 0o ply 
                                           
                    (c)-45o ply                                                                       (d) 90o ply 
 
Figure 41.3: (β = 0.58) Damage contours – left image shows damage just before first 
major load drop; right image shows damage just after first major load drop.  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                   (a) 45o ply                                                                        (b) 0o ply 
                                          
                     (c)-45o ply                                                                    (d) 90o ply 
 
Figure 41.4: (β = 1.0) Damage contours – left image shows damage just before first major 
load drop; right image shows damage just after first major load drop.  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   




Author’s simulations of Tan and Perez (1993) [3]’s specimens 
 
                                           
                 (a) 0o ply                                                                       (b) 45o ply 
                                           
                 (c)-45o ply                                                              (d) 90o ply 
Figure 42.1: (Case 2, D0.4/W1.5) Damage contours – left image shows damage just 
before first major load drop; right image shows damage just after first major load drop.  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                 (a) 0o ply                                                                       (b) 45o ply 
                                             
                 (c)-45o ply                                                              (d) 90o ply 
Figure 42.2: (Case 3, D0.6/W1.5) Damage contours – left image shows damage just 
before first major load drop; right image shows damage just after first major load drop.  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                 (a) 0o ply                                                                       (b) 45o ply 
                                         
                 (c)-45o ply                                                              (d) 90o ply 
Figure 42.3: (Case 5, D0.1/W1.0) Damage contours – left image shows damage just 
before first major load drop; right image shows damage just after first major load drop.  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   
        Local tensile fiber failure                                                                 β Fiber Failure 
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                 (a) 0o ply                                                                       (b) 45o ply 
                                         
                 (c)-45o ply                                                              (d) 90o ply 
Figure 42.4: (Case 6, D0.2/W1.0 ) Damage contours – left image shows damage just 
before first major load drop; right image shows damage just after first major load drop.  
 
Legend: 
       J1             Von-Mises Fiber-Matrix         Von-Mises Matrix           Local Compressive   































A value is assumed for θ(0), 
which is also the value of e, the 
initial misalignment 
angle. θ’(0) is assumed to be 
zero. 
The value of θ(0) is used 
to perform Stoermer’s 
rule. The resulting 
solution is differentiated 
to obtain zo=  θ’(0).  
If zo lies within the tolerance, tol 
stipulated, i.e.   
θ’(0) - tol ≤ zo ≤  θ’(0)  + tol, the 
solution is accepted and the value of 
θ(0) assumed is noted.  
If zo does not lie within the 
tolerance, tol stipulated,  
the solution is rejected and 
the value of θ(0) assumed 
is increased by a certain 
amount.  
The solution is differentiated a second 




'' πθ , which is the 
maximum bending strain. 
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Figure 44: Picture showing mesh of plate used in sub-modeling example. 
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